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On the  basis of  a t heo re t i c a l  analysis  of the  turbulent  stresses due to 

m o m e n t u m  transfer the  author  de te rmines  the  excess drag coef f ic ien t  

in a finely dispersed air-mixture flow. The results obtained are checked 
against the experimental data. 

In [1] it was shown that the diss ipat ion of turbulent  
energy by the par t i c les  is ins ignif icant  as compared 
with the total  drag of an a i r  mixture .  Since in f inely 
d i spersed  air  mix tures  the bulk of the par t i c les  move 
in the suspended state and, in prac t ice ,  the energy 
losses  due to impact  against  the walls  can be d i s r e -  
garded, we may as sume  that,  as in the turbulent  mo-  
t ion of pure air ,  the drag is associa ted with intense 
tu rbulen t  mixing.  In this  case as a resu l t  of the p a r -  
t ic les  being t r anspor ted  together with the eddies there  
is an inc rease  in turbulent  s t r e s s e s ,  which leads to an 
inc rease  in f r ic t ion  at the flow boundar ies .  

In prac t ica l  flow calculat ions  wide use is made of 
the s emiemp i r i c a l  theory of turbulence  based on the 
ideas of momen tum t r ans f e r  in the flow cross  sect ion.  
Accordingly,  it is of in te res t  to apply the momentum 
t r a n s f e r  theory to the motion of an a i r  mixture  to ob- 
ta in  formulas  for the drag.  

In analyzing the par t ic le  t r anspo r t  p rocesses  the 
following assumpt ions  will be made: 

1) the pr inc ip le  of superposi t ion of losses  applies,  
i. e . ,  the drags  consis t  of the sum of the drags due to 
the motion of the pure a i r  and the motion of the p a r -  
t ic les  ; the turbulent  s t r e s s e s  are  composed of the 
s t r e s s e s  due to the t r anspor t ing  of ce r ta in  volumes of 
the medium and the additional s t r e s s e s  due to the 
t r anspor t ing  of the par t i c les  contained in those vo lumes ;  

2) the effect of the par t i c les  on the kinemat ic  flow 
s t ruc tu re  is ins ignif icant ;  

3) the par t i c les  a re  quite uni formly  d is t r ibuted  over 
the cross  sect ion;  

4) the effect of gravi ty  on the motion of the p a r t i -  
cles can be neglected;  

5) the effect of par t ic le  impact  against  the walls  is  
insignif icant .  

The turbulent  s t r e s s e s  for pure air  and an a i r  m ix -  
tu re  a re  respec t ive ly  equal to 

Oo = - - ,oo  u I u;, (1) 

0 = - -  [Po (1 - -  s) u; u;-t- p, s u;, ~ ] .  (2) 

After t r ans fo rma t ions  we obtain 

[ ] p~ s % u~2 �9 (3) 0 = - - p 0 ( 1 - - s ) u ~ u  ~ 1-F pa(1--s) u iu2  

In pneumat ic  t r anspo r t  the volume concentra t ions  
usual ly  do not exceed one percent .  Therefore  we a s -  
sume that I - s ~ 1. Moreover ,  it is obvious that 

Then f rom (3) 

p,s/Po (1 - -  s) = ~x. 

(4) 
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z 3 u~u,/gD 

Dependence of (1/k - 1)1/~ on the 
p a r a m e t e r  Uavu , /gD according 
to the data of exper iments  on 
pneumat ic  t r anspor t  of coal dust 
in a ve r t i ca l  tube with D = 0.054 

m: 1) anthrac i te  (Ps = 1810 kg/  
m 3, day =0.0425 m, u ,  =0.077 
m / s e e ) ;  2) b i tuminous coal (Ps -- 
= 1660 kg /m 3, dav = 0.044 mm, 

u ,  = 0.078 m/see ) .  

The ins tantaneous value of the par t ic le  f luctuation 
veloci ty is given by [1, 2] 

u~t 
use V~ + 0)~ ~ sin((o~t-cp), 

Using (5), we obtain 

(5) 

Ual /~a2 
-- V ~  ~ sin (~ t - -  (P) V1 + ( o ~  2 sin(c%t--(p). 

We assume that col ~ coa = co. Then 

1 
";, "s'~ = 1 + ~ ' e  "~1 sin (~ t - ~ ) . ; 2  sin (o, t - ~). 

F r o m  a compar i son  of the r ight -hand side of the 
equation obtained and the approximate value of the 
f luctuation velocity of the medium u[ = Uai sin cot [1] 
we see that under  the averaging sign we have ul and 
u~ shifted in phase.  A phase shift of the ins tantaneous 
values  does not affect the resu l t  of averaging over a 
large t ime in terval .  Consequently,  

1 
u:l u;2 1 -I- r e u'l u~ 
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and (4) takes the form 

( 1 ) (6, 
0 = O  o 1 + ~  1 +co2T ~ " 

The following formula  is widely used for  d e t e r m i n -  
ing the drag:  

=~o(t + k~), (7) 

where in the genera l  case k depends on the physieo-  
mechanica l  cha rac te r i s t i c s  of the pa r t i c l e s  and the 
t r a n s p o r t  p a r a m e t e r s .  

Since the following re la t ions  [3] a re  valid for  one-  
d imens iona l  flow in a c i r cu la r  pipe with a p r e s s u r e  
gradient  : 

0 = 0  

and 

0o 0o ,0, 

and the specific p r e s s u r e  losses  are ,  respect ively ,  
equal to i = 40 ' /D and i0 = 40~/D, f rom (6)-(9) we 
find that 

1 
k -- (10) 

1 + ~0~ 2 

The use of Eq. (10) is complicated by the fact that 
the pa r t i c l e s  a re  affected by f luctuat ions of the medium 
with a broad frequency spec t rum.  Since the effect of 
f luctuations of different  f requencies  on the motion of a 
pa r t i c le  is not the same,  it is nece s sa ry  to find the 
cha rac t e r i s t i c  f requencies  that play the decis ive par t  
in the motion of the par t i c les  and link them with the 
genera l  flow p a r a m e t e r s .  

The general  case of par t ic le  motion with allowance 
for the in tegra l  f requency spec t rum was considered by 
Tchen i n  [4, 5]. For  the case of par t ic les  moving in 
a i r ,  when Ps >>Po, f rom Tchen ' s  r e su l t s  for w ~ 0 
there  follows 

E ~ _  I 
(11) 

E 0 1 + (02~ ~ 

F rom the re la t ion  obtained it follows that the excess 
drag coefficient is equal to the rat io of the energy 
spect ra  of the par t i c les  and the t r anspor t  medium, 
which, genera l ly  speaking, is val id  only if the f r e -  
quencies of the longitudinal and t r a n s v e r s e  f luctuat ions 
are  equal. 

Since 
co . o0 

= f Eo a and .! d 
0 0 

f rom (11) for a nar row in te rva l  of f requencies  co n we 
obtain 

U n 

u~ - V1 + ~ i~  ~ (12) 

(It should be noted that the same resu l t  can be obtained 
f r o m  Eq. (5), which cor responds  to the special  case of 
s ing le - f requency  motion). 

The resu l t  obtained shows that the effect of f luctua-  
t ions of different  f requency on the par t i c le  f luctuation 
veloci ty d_ ec reases  sharply  as the f requency inc reases .  

! 
In fact, u n = f(Wn), while for s teady conditions (D = 
= const,  Uav = const) and fully developed turbulence  
we have [6] 

I 

~ ( ~ ) ~ - ,  (13) 

1 2 

~o ~ u'-75 = s 3/6 3 , (14) 

whence 
1 

u --(e/o)~) , (15) 

where e does not depend on the scale  of turbulence  
and is a constant  cha rac te r i s t i c  of the given flow. 

l 

/ 
(16) 

Relat ion (16) gives the par t  of the total  par t ic le  
f luctuation veloci ty due to f luctuations in the na r row 
range of f requencies  co n . 

To es t imate  the effect of the different  f requency 
components we used Laufe r ' s  exper imenta l  data on the 
turbulent  flow spec t rum in a c i r cu l a r  pipe with D = 
= 0.25 m at Uav = 30 m / s e c  [5]. The measu red  f luctua-  
t ion f requencies  ranged f rom comin = 9 0 -  150 sec -1 
to r = 1.5-105 sec -i .  Calculat ions  based on (16) 
for  coal pa r t i c l e s  of densi ty 1660 kg /m 3 with r = 10 -2 
sec (d = 0.044 mm) show that on t r ans i t ion  f rom f r e -  
quencies comin ~ 102 sec-1 to f requencies  con = 10~ 
sec -i ,  i . e . ,  in a region compr i s ing  roughly 0.01 of the 

' decreases  by ent i re  f requency range,  the quantity Usn 
a factor  of 20. F rom this  it follows that the par t ic le  
f luctuation veloci ty is chiefly de te rmined  by the f luc tua-  
t ions of the medium on only a nar row in terva l  of m i n -  
imum f requencies  co ~ r where in accordance with 
(14) 

r ~ U S D ,  (17) 

and the propor t ional i ty  factor  is on the order  of unity 
[6]. For  the condit ions of  Laufe r ' s  exper iments  with a 
propor t ional i ty  factor equal to unity f rom (17) we ob- 
ta in  comin = 120 sec -1, which is in good agreement  With 
the data p r e s e n t e d  above. 

It should be noted that the exper imenta l  data indicate 
the approximate equality of the m i n i m u m  frequencies  
for the longitudinal  and t r a n s v e r s e  f luctuation compo- 
nents  [5], which conf i rms the validity of our a s sump-  
t ion that col ~ co2. 

Assuming  that the decis ive  influence is exerted by 
the m i n i m u m  frequency f luctuat ions and cons ider ing  

that T = u , / g  [1], f rom (10) and (17) we obtain 

k = ~ (18) 
., + ( c ~ "1 ~' 

where the propor t ional i ty  factor  c is found from an 
analys is  of the exper imenta l  data and may be assumed 
to be on the order  of unity.  
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Thef igure  shows the re la t ion  (1/k - 1)1/2 = f ( U a v u . /  
/gD) based on the data of exper iments  on the pneumat ic  
t r anspo r t  of coal dust in a ve r t i ca l  tube with D = 0.054 
m [7]. It is c lear  f rom the graph that the exper imenta l  
data a re  in ra ther  good agreement  with the l inear  r e -  
lat ion cor responding  to c = 0.7. Equation (18) can be 
r ecommended  for  use in  connection with the pneumat ic  
t r an spo r t  of ma t e r i a l s  in dust form;  however, because  
of the l imi ted  amount of avai lable exper imenta l  data 
the value obtained for e r equ i res  fur ther  ver i f icat ion.  

In calculat ing the drags for ascending flows we 
should take into account the energy losses  associa ted 
with l if t ing the par t i c les .  In the exper imenta l  data p r e -  
sented [7] only the f r ic t ion  drag without the weight of 
the column of a i r  mix ture  is r epresen ted .  

It follows f rom (18) that, as the flow velocity in -  
c r eases ,  the excess  drag coefficient dec reases ,  a l -  
though the total  drag i nc rea se s  owing to the inc rease  
in i0. Moreover ,  as u ,  ~ 0, k ~  1 and as u ,  ~ .o  
k ~ 0. This is because  in the case of very  smal l  p a r t i -  
cles,  which a re  a lmost  completely en t ra ined  by the 
tu rbulen t  f luctuations,  the motion of the a i r  mixture  is  
s im i l a r  to that of a homogeneous fluid of inc reased  
densi ty  p =P0(i+#).  On the other hand, la rge  pa r t i -  
cles are  hardly  en t ra ined  at al l  by the f luctuations of 
the medium, as a resu l t  of which there  is no turbulent  
momentum t r ans f e r ;  in this case par t icIe  t r anspo r t  
and the cor responding  drag depend on another  mecha-  
n i sm assoc ia ted  with the act ion of the averaged flow 
veloci ty gradient  on the par t i c les .  

NOTATION 

u i~ and Usi' (i is the coordinate  index) denote the f luc-  
tuation velocity of the a i r  and the par t i c les ,  r e s p e c -  
t ively;  u '  and u--~ denote the m e a n - s q u a r e  fluctuation 
velocity of the a i r  and the par t i c les ,  respect ive ly ;  u~t 
is the ampli tude of the a i r  f luctuation velocity;  Uav is 
the average flow velocity; u ,  is the c r i t i ea l  par t ic le  

velocity;  co is the angular  f requency of the f luctuations;  
P0, Ps, and p denote the densi ty of a i r ,  par t ic les ,  and 
a i r  mix ture ,  respect ive ly ;  r is the par t ic le  re laxat ion 
t ime;  D is the pipe d iameter ;  h is the distance from 
the pipe wall; d is the par t ic le  d iameter ;  6 is the scale  
of turbulence ;  a is the energy diss ipated per' unit  t ime 
per uni t  mass  of medium; 00 and 0 a re  the turbulent  
s t r e s s e s  in a flow of pure a i r  and a i r  mixture ;  r e spec -  
t ively; 0~ and 0' denote s t r e s s  at pipe wall for pure a i r  
and a i r  mixture ;  t is the t ime;  9~ is the phase angle; s is 
the averaged volume concent ra t ion  at point in flow; tx is 
the mass  concentra t ion  of the a i r  mixture ;  i 0 and i are  
the re la t ive  drags for pure a i r  and a i r  mixture ,  r e -  
spectively;  E s and E 0 a re  the functions of energy spec-  
t r um for par t ic les  and medium; k is the exper imenta l  
excess  drag coefficient  associa ted  with the presence  of 
par t ic les  in the flow; c is the propor t ional i ty  factor.  
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